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SUMMARY

An efficient computer programme called GRID2D/3D has been developed to generate single and composite
grid systems within geometrically complex two- and three-dimensional (2D and 3D) spatial domains that
can deform with time. GRID2D/3D generates single grid systems by using algebraic grid generation
methods based on transfinite interpolation. The distribution of grid points within the spatial domain is
controlled by stretching functions and grid lines can intersect boundaries of the spatial domain ortho-
gonally,. GRID2D/3D generates composite grid systems by patching together two or more single grid
systems. The patching can be discontinuous or continuous. For 2D spatial domains the boundary curves are
constructed by using either cubic or tension spline interpolation. For 3D spatial domains the boundary
surfaces are constructed by using a new technique, developed in this study, referred to as 3D bidirectional
Hermite interpolation.
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INTRODUCTION

Finite difference (FD) and finite volume (FV) methods are very powerful techniques for obtaining
solutions to partial differential equations that govern fluid flow problems. However, in order to
use these methods, it is necessary to replace the spatial domain of the problem being studied by a
finite number of discrete points known as grid points. The process of replacing a spatial domain
by a system of grid points is referred to as grid generation. Grid generation is a very important
part of FD and FV methods because the system of grid points used strongly affects the accuracy,
efficiency and ease with which these methods generate solutions. In some instances the ability or
inability to generate an ‘acceptable’ grid system determines whether FD or FV methods can or
cannot be used.

Even though tremendous advances have been made in grid generation techniques during the
past 15 years,! 1° the generation of acceptable grid systems for geometrically complex three-
dimensional spatial domains remains a difficult problem. Recently, a very efficient and versatile
computer programme called GRID2D/3D has been developed which can generate grid systems
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inside complex-shaped two- and three-dimensional (2D and 3D) spatial domains. GRID2D/3D is
so efficient that it is configured to run on PCs or PC-compatible computers, though it can also be
used on workstations and mainframes. The high efficiency of GRID2D/3D makes it especially
useful for spatial domains that deform with time. This is because for such spatial domains a
different grid system must be generated at each time level and the number of time levels can be
thousands or more. This paper describes GRID2D/3D.

The outline of the paper is as follows. First the various types of grid systems that can be
generated by GRID2D/3D are described along with their advantages and disadvantages.
Afterwards the methods used in GRID2D/3D to generate grid systems are presented. Then a
discussion is given of methods for generating parametric representations of 2D and 3D bound-
aries. Finally several examples of grid systems generated by GRID2D/3D are presented.

TYPES OF GRID SYSTEMS

Eiseman and Erlebacher® classified all possible grid systems that can be used by FD and FV
methods as follows. At the broadest level a grid system can be classified as structured, un-
structured or mixed, depending upon how the grid points are connected to each other (Figure 1).
A structured grid system in turn can be classified as a single grid or a composite grid. A single grid
is one that is based on a single boundary-fitted co-ordinate system, whereas a composite grid is
made up of two or more single grids patched together with each single grid having a different
boundary-fitted co-ordinate system. Depending upon how the different single grids are patched
together, a composite grid can further be classified as completely discontinuous, partially
discontinuous, partially continuous or completely continuous (Figure 2). The continuity or
discontinuity referred to here is concerned with that of the different boundary-fitted co-ordinate
systems at locations where they are patched together in a composite grid.

Of the grid systems mentioned above, the unstructured grid system is the most versatile and the
easiest to generate, especially for complicated-shaped spatial domains. However, the use of
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Figure 1. Types of grid systems: (a) structured; (b) unstructured; (c) mixed
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Figure 2. Types of composite grids: (a) completely discontinuous; (b) partially discontinuous; (¢) partially continuous;
(d) partially or completely continuous

unstructured grid systems with FD and FV methods is still at a state of development.'* ¢
Presently, FD and FV methods almost exclusively use structured grid systems, and those are the
ones that GRID2D/3D generates.

When a structured grid system is used with an FD or FV method to obtain solutions to fluid
flow problems, the structured grid system generated by GRID2D/3D or any other computer
programme should satisfy a number of conditions.

1. The total number of grid points in the grid system should be kept to the minimum needed
for the FD or FV method to yield solutions of the desired accuracy. This condition is
important for computational efficiency and can be achieved by clustering grid points in
regions where they are needed (e.g. regions where gradients of the flow are large) and
scattering them elsewhere.

2. One set of grid lines (co-ordinate lines of the boundary-fitted co-ordinate system) should
always coincide with the boundary of the spatial domain regardless of the geometric
complexity or motion of that boundary (i.e. the grid system should be boundary-conform-
ing). This condition is important because it enables FD and FV methods to implement
boundary conditions easily and accurately for geometrically complex and/or deforming
spatial domains.

3. Grid lines that intersect a boundary should intersect that boundary perpendicularly so that
derivative boundary conditions can be implemented more easily and accurately. At the
interior of the spatial domain the angle of intersection between grid lines only needs to be
nearly orthogonal (i.e. between 45° and 135°).
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4. The spacings between grid points should change slowly from a region where grid points are
concentrated to a region where grid points are sparsely distributed, especially in regions
where gradients of the flow are large. This condition is important because Fourier
components which make up the solution reflect and refract at interfaces where grid spacings
change.

5. One set of grid lines should align with the flow direction. This condition is important for
convection-dominated flows when the aspect ratio of the control volume about each grid
point is very high and/or when the thin layer Navier—Stokes equations are used to study
such flows.

For complicated 2D and 3D flows within geometrically complex spatial domains it is usually
impossible to generate a single grid that would satisfy all of the above conditions at every part of
the spatial domain. For such problems it is necessary to generate a number of different single
grids, each of which satisfies the above five conditions at a different part of the spatial domain.
These single grids are then patched together to form a composite grid, which as noted earlier
can be completely discontinuous, partially discontinuous, partially continuous or completely
continuous.

Since complicated geometries invariably imply composite grids which can be generated by
using GRID2D/3D, below we describe the advantages and disadvantages of the various types of
composite grids in order to know when a specific type should be used for a given problem.

Completely discontinuous composite (CDC) grids

The major advantage of CDC grids such as the chimera grid'” ~2! (Figure 2(a)) is that they are
the easiest to generate. For example, to generate a chimera grid over the spatial domain about an
aircraft, all one has to do is generate a series of single grids, one about each component of the
aircraft (e.g. one about the fuselage, another about the wing, and so on). The patching process
simply involves laying each single grid over the appropriate component of the aircraft, deciding
on the amount of overlap of different single grids and ensuring that the entire spatial domain is
filled with grid points. Since the geometry for each single grid can be made as simple as desired
and patching is trivial, the grid generation process is straightforward. Another important
advantage of CDC grids is that the structure of each single grid can be different from each other;
e.g. one single grid may have a C-C structure while another may have an O-O or an O-H
structure. Thus it is possible to optimize each single grid for a different part of the spatial domain.
Still another advantage is that this is the easiest grid on which to do local grid refinement. For a
chimera grid one can refine the grid at any location by simply generating a very fine single grid
and then overlaying it wherever desired. Also, this type of grid can easily be applied to problems
in which one or more objects are moving relative to another object, such as the launching of
missiles from an aircraft.?® Finally, since composite grids are composed of a series of single grids,
it is possible to do computations on one single grid at a time. This will reduce computer memory
requirements considerably since only information on one single grid needs to reside in the
computer at any one time. This advantage is shared by all composite grids, continuous or
discontinuous. _

The major disadvantage of CDC grids is that they are the most difficult to use in obtaining
solutions when compared to other types of composite grids. This is because interpolation schemes
are needed to transfer information from one single grid to another when and wherever two or
more single grids overlap.!®~2! Also, schemes used should ensure that properties such as
conservation and monotonicity are maintained in regions where two or more single grids overlap.
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Finally, information is lost when transferred from a fine to a coarse grid; thus grid spacings of
different single grids should be approximately equal in regions where they overlap.

Partially discontinuous composite (PDC) grids

PDC grids (Figure 2(b)) are generated in the following manner. First, the spatial domain of the
problem being studied is partitioned into a number of non-overlapping, contiguous zones or
blocks. Next, a single grid is generated within each zone. Finally, patching of the single grids
simply involves putting each of the single grids into its respective zone. Thus PDC grids differ
from CDC grids in that the single grids of PDC grids to not overlap each other.

PDC and CDC grids have two important similarities. First, each single grid in both cases can
have a structure that is different from each other. Secondly, the number of grid points in each
single grid can be different from each other. Because of these two similarities, the major
advantages of PDC grids are the same as those of the CDC grids. However, since single grids in a
PDC grid do not overlap each other, PDC grids are somewhat more difficult to generate but are
easier to use than CDC grids. The main difficulty in using PDC grids is implementing boundary
conditions at interfaces where different single grids meet.?2 ™23

Partially and completely continuous composite grids

Completely continuous composite (CCC) grids are grid systems in which all grid lines (i.e. co-
ordinate lines of the boundary-fitted co-ordinate system) and all of their derivatives of every order
are continuous at all interfaces where different single grids meet. In general, it is not necessary to
construct CCC grids. Typically, FD and FV methods only require continuity of the grid lines and
their first- and, occasionally, second-order derivatives at the interfaces where different single grids
meet. Composite grid systems with this limited degree of continuity are referred to as partially
continuous composite (PCC) grids.

Figure 2(c) shows a PCC grid in which the grid lines are all continuous but their first-order
derivatives have discontinuities. It can readily be seen in that figure that the slope of the grid lines
and the spacing between the grid lines change suddenly at the interface where the two single grids
meet. Figure 2(d) shows a PCC grid in which the grid lines and their first-order derivatives are
continuous everywhere, including the interface where the two single grids meet. Such PCC grids
have the same appearance as CCC grids.

The major advantage of PCC grids of the type shown in Figure 2(d) is that this is the easiest
grid system for FD and FV methods to use. This is because boundary conditions can be
implemented easily at interfaces where different single grids meet. In fact it is not even necessary
to treat the interfaces where different single grids meet as boundaries since computations can be
carried across them. For PCC grids the complete spatial domain of the problem can be mapped
onto a single transformed domain, even though different boundary-fitted co-ordinate systems
have been used in different parts of the spatial domain (Figure 3). Here it is important to note that
not all grid systems which appear to be continuous are continuous. Figure 4 shows a composite
grid that appears to be continuous but belongs to the PDC grids because it is impossible to map
the entire spatial domain onto one transformed domain.

The major disadvantage of PCC grids is that they are the most difficult to generate when
compared to CDC and PDC grids. Another disadvantage is that the structure and number of grid
points in each single grid must satisfy certain compatibility conditions in order to ensure
continuity. These compatibility conditions make it more difficult to optimize each single grid for a
specific area. They also make it more difficult to do local grid refinement.
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Figure 4. A partially discontinuous composite grid that appears like a partially or completely continuous compoesite grid

Thus there are many spatial domains for which it is extremely difficult, if not impossible, to
generate a PCC grid that is acceptable. However, when it is possible then the generation of such
grids is worthwhile because of the ease with which they can be used. References 26-31 show a
number of examples of how to construct PCC grids for complex-shaped 2D and 3D spatial
domains.
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GRID GENERATION METHODS

All grid generation techniques are classified as either differential equation or algebraic methods.
Differential equation methods generate grid systems by solving a system of partial differential
equations (PDEs) which describes how grid points are to be distributed within the spatial
domain. In general, these methods require a significant amount of computational effort since the
systems of PDEs that must be solved are quasi-linear and often as complicated as the PDEs that
govern the fluid flow problem. Algebraic methods generate grid systems by interpolating between
boundaries of the spatial domain. Since no PDE needs to be solved in the grid generation process,
algebraic grid generation methods are computationally much more efficient than differential
equation methods.

Whether one uses a differential equation or an algebraic method, the grid generation process is
always iterative. This is because the ‘acceptable’ grid system is arrived at via trial and error after
generating a series of unsatisfactory grids. The effort of the iterative process is, of course,
compounded many times for spatial domains which can deform with time, since for such domains
a different grid system is needed for each time level and the number of time levels can be
thousands or more. Hence the efficiency of the grid generation process is extremely important for
problems with 3D spatial domains and for problems in which the spatial domain can deform.

Since GRID2D/3D is intended for complex-shaped 2D and 3D spatial domains and for spatial
domains that can deform with time, GRID2D/3D generates grid systems by using algebraic grid
generation methods. Depending upon the complexity and dimensionality of the spatial domain,
GRID2D/3D uses one of the following three methods, all of which are very similar and are
based on transfinite interpolation:32~34 the two-boundary method,3-3¢ the four-boundary
method®” 3® and the six-boundary method.>® 3° These methods were chosen because of their
high efficiency and their ability to provide very precise controls over the distribution of grid
points in the spatial domain when used in conjunction with stretching functions.*® 4! Also, these
methods can generate grid lines that intersect boundaries orthogonally.

By using these algebraic grid generation methods, GRID2D/3D generates single grids with grid
lines that are continuous and differentiable everywhere up to the second order. GRID2D/3D
generates composite grids by patching together two or more single grids. The patching can be
discontinuous or continuous, For continuous composite grids the grid lines are continuous and
differentiable everywhere up to the second order except at interfaces where different single grids
meet. At interfaces where different single grids meet, the grid lines are only differentiable up to the
first order.

In order to use the two-, four- and six-boundary methods to generate grid systems, the
boundaries of the spatial domains must be represented mathematically in parametric form. This
is a difficult problem for complicated-shaped spatial domains because the boundaries of such
domains are complicated as well. In GRID2D/3D, parametric equations for boundary curves of
2D spatial domains are generated by either spline interpolation*? or tension spline inter-
polation.*? Parametric equations for boundary surfaces of 3D spatial domains can be generated
by a number of techniques, including linear Coons’ interpolation,®? bidirectional spline
interpolation*#' > and bihyperbolic spline interpolation.*® In GRID2D/3D, parametric equa-
tions for these 3D surfaces are generated by a new technique, developed in this study, referred to
as 3D bidirectional Hermite interpolation. The details of the algebraic grid generation methods
used in GRID2D/3D are described below.

TWO-, FOUR- AND SIX-BOUNDARY METHODS

As mentioned, GRID2D/3D generates grid systems by using either the two-, four- or six-
boundary method. All three methods can generate grid systems in 3D spatial domains; the two-
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and four-boundary methods can also generate grid systems in 2D spatial domains. In this section
the details of these methods are described. Our step-by-step descriptions of the methods follow
closely those of Yang and Shih.3¢ It is our intention to present the methods in a clear manner so
that the reader might easily implement them.

The two-boundary method

The two-boundary method?®> 3¢ is intended for problems in which it is only necessary to map
correctly two arbitrary-shaped boundaries of the spatial domain. If the remaining boundaries are
straight lines in the 2D case or flat surfaces in the 3D case, then all boundaries can be mapped
correctly. Implementation of this method involves the following eight major steps:®® (1) define the
nature of the co-ordinate transformation; (2)select a time-stretching function; (3) select two
boundaries of the spatial domain that must be mapped correctly (these two boundaries cannot
touch each other at any point); (4) describe the two boundaries selected in Step 3 in parametric
form; (5) define curves that connect the two boundaries by using transfinite interpolation;
(6) discretize the domain (i.e. replace the continuous domain of the problem by time levels and
grid points); (7) control the distribution of the grid points with stretching functions; (8) calculate
metric coefficients needed by the FD or FV method to obtain solutions.

The details of these eight steps are described below by generating a single grid in the 3D,
deforming spatial domain shown in Figure 5(a) for the problem of flow through a
converging—diverging channel. The spatial domain of interest is the region bounded by surfaces
1-6 in Figure 5(a), which deforms because surfaces 1 and 2 deform with time.

surface §

surface 4

surface 1

surface §

surface 3

surface 4

surface ¢

surface 1
(®)

Figure 5. Spatial domain: (a) in x—y—z—t co-ordinate system; (b) in {&~#~{~t co-ordinate system
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Step 1: Define the co-ordinate transformation. The first step is to define the co-ordinate
transformation between the co-ordinate system of the spatial domain and the boundary-fitted co-
ordinate system of the transformed domain. For 3D spatial domains with moving grid points, the
following co-ordinate transformation is sought:

(X, y,z, ) (&1, (1) (1a)

or, more specifically,

t=t(7), x=x(&n,{, 1), y=y(&n, (1), z=2z({,n,(, 1), (1b)

where x, y, z and ¢ represent the co-ordinate system of the ‘physical’ domain and &, #,{ and ¢
represent the boundary-fitted co-ordinate system of some transformed domain (Figures 5(a)
and 5(b)).

Step 2: Select a time-stretching function. The next step is to define a relationship between ¢
and 1. For our example we set ¢ equal to 7, i.e.

t=1. 1))

Thus no time-stretching function is used. Time stretching may be useful when variable time-step
sizes are used with FD or FV schemes that involve information at more than two time levels.

Step 3. Select two boundaries of the spatial domain. The third step is to select the two
boundaries of the spatial domain that are to be mapped correctly. These two boundaries must not
intersect each other at any point. For the spatial domain of Figure 5(a) we select boundary
surfaces 1 and 2. Since &, 7, { and 7 represent a boundary-fitted co-ordinate system, boundary
surfaces of the spatial domain in the x—y-z—¢ co-ordinate system must correspond to co-ordinate
planes in the {-n—{-t co-ordinate system. We choose surfaces 1 and 2 to correspond to co-
ordinate planes #=0 and n=1 respectively (Figure 5), i.e.

X, =x(6n=0,{7)=X,({{,7), (3a)
Y =y(n=0{1)= Y1) (3b)
Z,=z(5n1=0,{,1)=Z,({ 1), (3¢)
X, =x(&n=1,{7)=X,(§{7), (4a)
Y,=9(&n=101)=Y(5E 1) (4b)
Z,=z(56n=1{1)=2Z,(,0 1), (4c)

where X, Y; and Z, are the x-, y- and z-co-ordinates of surface i, i=1, 2. The remaining four
boundaries—surfaces 3, 4, 5 and 6—are mapped to co-ordinate planes £ =0, £ =1, { =0 and
{ = 1 respectively (Figure 5).

Step 4: Describe the two boundaries selected in parametric form. Once the two boundaries have
been selected, the next step is to represent these two boundaries in parametric form as suggested
by the form of equations (3) and (4). Equations (3) and (4) also tell us that the three parameters
which must be used to describe surfaces 1 and 2 are £, { and 7. In this example we assume that the
parametric equations describing surfaces 1 and 2 are given and they are

X, =¢/L,, Y,=Asin(wr)[l-cos2rn)][1—cos(2nl)], Zy ={/L,, &)
X,=¢/L,, Y,=L,—Asin(wr)[1-cos(2ng)][1—cos(2n{)], Z,={/L,, ©)
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where A,w,L,, L, and L, are given constants. If parametric equations are not given, then
GRID2D/3D can generate them by using either spline or tension spline interpolation (see next
section).

Step 5: Define curves connecting boundaries using transfinite interpolation. A number of
different transfinite interpolation techniques can be used to derive curves which connect the two
boundaries chosen in Step 3. Here we consider two such methods: transfinite interpolations based
on Lagrange and Hermite blending functions.

When Lagrange interpolation (also known as linearly blended transfinite interpolation) is used
to generate connecting curves between surfaces 1 and 2, the resulting curves have the following
functional form:

x(&m 6 1) =X, (6 0lhi(n)+X,(E, { Dl (), (7a)
y(§9 n, C’ ‘C) = Y1(¢9 C’ 1)11(’7)+ YZ(c’ C" t)’Z(")9 (7b)
Z(f, n, C, T) = Zl(é’ C’ T)ll(")+zz(§! Ca T)lz('l)y (70)

where X, Y, and Z; (i = 1, 2) are given by equations (5) and (6). The functions I/, and [, are
blending functions which connect two points—one on each surface having the same &-, {- and
t-values. They are constrained by L,(n =0) =1L 1,;(n=1)=0,L,(n=0=0and L(n=1)=1.
With these constraints, I, and I, become

hin)=1-—n, Ln)=n. @®
Substitution of equation (8) in equation (7) yields the desired linear connecting curves:
x(&m 1) =X1(§,{, 90 —n) + X,(&,(,o)m, (%a)
y&n ) =YL —n)+ Y8, 1), (%b)
2L =2Z,(5 0 —n)+ Z,(E( t)n. (9¢)

It is often desirable for connecting curves to intersect boundaries orthogonally so that
derivative boundary conditions can be implemented accurately. Since one set of curves described
by equation (9) are straight lines, they will not in general intersect boundaries orthogonally. One
way to remedy this is to use transfinite interpolation based on Hermite interpolation to form the
connecting curves. Hermite interpolation allows specification of derivatives at end points of
curves, enabling one to force orthogonality at boundaries. When this method is used to generate
connecting curves between surfaces 1 and 2, the resulting cubic curves have the following
functional form:

X(é, n, C’ 1") = X1(€9 C9 ‘t)hl(") + XZ(ga C’ T)hZ(”)

) = 0: ’ ) s = 1: ’
# ZEAZDLD ) 4 ZET=2ED p ) (100

y(ia n, C, 1:) = Yl(f’ C9 T)hl(") + Yz(f, C! T)hZ(")

5 > =0, > a ' =1, 1]
+ y(& na" {.7) hy(n) + y(& "011 1) he(n), (10b)

Z(é, n, (9 T) = 21(69 Cs T)hl(") + Zl(ci C& T)hz('l)

a s = 0, 9 a N = 1’ 1)
4 BN 208D gy + ZEI 2L D b, (100
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where X, Y; and Z, (i = 1, 2) are given by equations (5) and (6). The functions h,, h,, h; and
h, are blending functions which connect two points—one on each surface having the same
¢-, {- and t-values. They are constrained by h,(n =0)= 1, h;(n = 1) =0, dh,(n = 0)/dn = 0,
Ohi(n=1/0n=0, hy(n=0)=0, hy(n=1=1 0hy(n=0)/on=0, 0hy(n=1)/0n=0,
hiin=0)=0, h3(n=1)=0, OJhy(n=0)on=1, 0dhy(n=1/0n=0, h(n=0)=0,
hyn=1=0, dhy(n =0)/0n =0, and 0Oh,(n = 1)/on = 1. With these constraints, h,, h,, h,
and h, become?’

hy=2n=3*+1, hy=-20+3n%  hy=9>-=2924+1n, ho=n>—9n% (1)

We choose values for dx(&n=0,(1)on, ox(&n=1{1)/0n dy(&n=0,(71)on,
oy(&,m=1,{,1)/on, 0z(&,n = 0,{, t)/on and dz(&, n = 1, &, 1)/0n so that connecting curves given
by equation (10) will intersect surfaces 1 and 2 orthogonally. For surface 1 this will occur when the
cross product of n (a vector normal to surface 1) and e, (the vector tangent to the connecting
curve) is zero. This will be the case when

0x(&n=0,01) oY, 0z, 0Z, Y,
—&I—_Kl(é’ C,T)(Ya—é‘—“éz-—éz-) (12a)
y(&n=0L,1) dX, 0z, 0z, 0X,

6r,7 = —K,((7) (?FE - _3_??)’ (12b)

0z({,n=0,(,17) _ X, 0y, 0Y,dX,
an - Kl(é; C, T) (7{%—5——?—%> (120)

Similarly, the connecting curves will intersect surface 2 orthogonally when

ox(&n=1(1) _ 0Y,0Z, 0Z,90Y,

Hen=bbd kyetn(G2 -2 (13)
Iy(n=17) _ X, 0Z, 9Z,0X,

—611—— -K,(¢, 4 1) (?Y.‘?—-@?)’ (13b)
6Z(¢,n=1,c,r)_ 0X, dY, 0Y,0X,

o Kl&h T)(—ag Famrrara ) (13¢)

K (& ¢ 1) and K,(¢&, ¢, 1) in equations (12) and (13) are known as ‘K-factors’ and are chosen
by trial and error so that no overlapping of the connecting curves takes place in the interior
of the spatial domain. For our problem the ‘K-factors’ were set equal to a constant

(ie. K, (&, 8, 7) = Ky(E, 6, 1) = 02).

The values of X, (¢, {, 1)/0&, 0Y (&, {, 1)/0&, 0X,(&, (, 1)/0¢€, DY (&, L, 1)/0¢, etc. in equations
(12) and (13) can easily be found by analytically differentiating equations (5) and (6) or by using
finite difference formulae. Thus substitution of equations (11) to (13) in equation (10) yields the
desired cubic connecting curves based on Hermite interpolation.

Step 6: Discretize the domain. Steps 1-5 map the domain in the x—y-z—t co-ordinate system
onto the {—n-{—t co-ordinate system. Now we need to discretize the domain, i.e. replace the
continuous domain by time levels and grid points.

Here the time domain is replaced by equally incremented time levels, i.e.

™=nAt, n=0,1,2,.... (14)

In the above equation, " denotes the time at time level n and At denotes the constant time step
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Figure 6. Grid system: (a) in x-y—z—t co-ordinate system; (b) in {&~n—{— co-ordinate system

size. The spatial domain in the {—#—{—t co-ordinate system is replaced by IL x JL x KL equally
spaced grid points (Figure 6(b)). The locations of these grid points are given by the ordered triples
(i mj> &) defined by

&= (i — DAE, n;=0— 1An, (e = (k — DAL, (15a)
1 1 1
AM=mTT MA=3LT M=xI-T

wherei=1,2,...,IL,j=1,2,...,JLand k=1,2,..., KL. By substituting equation (15) in
equation (10), we obtain the locations of the grid points in the x—y-z-t co-ordinate system
(Figure 6(a)).

(15b)

Step 7: Control the distribution of grid points. At this point we need to examine the grid system
shown in Figure 6(a) and ask: is the distribution of grid points satisfactory? In order to answer this
question, we need to consider the physics of the problem for which the grid is generated. For
accurate solutions, grid points should be clustered in regions of the spatial domain where sharp
gradients in the dependent variables exist. Such clustering can be achieved by the use of stretching
functions.*® 4! For flow within the 3D spatial domain shown in Figure 5(a) we expect steep
gradients near walls (surfaces 1, 2, 3 and 4). Grid points can be clustered near surfaces 1 and 2 by
replacing # in equation (10) by

(By + DB, + DAB, — DI?" V- B, + 1
2{1 + [(ﬂq + 1)/(Bn - 1)](2"—1)} ’
where B, is a constant greater than unity. More clustering takes place in the y-direction nearn = 0
and n = 1 as B, approaches unity. In a similar manner, grid points can be clustered near surfaces 3
and 4 by replacing ¢ in equation (10) by
(B: + DI(B: + D/(B: — 1)]3e-H — B:+1 a7
2{1 +[(B + DA — DI~ 1} 7
where B, is a constant greater than unity that acts in the ¢-direction as 8, does in the n-direction.

The new distribution of grid points in the x—y—z—t co-ordinate system after stretching is shown in
Figure 7.

(16)
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Figure 7. Grid system in the x—y—z—t co-ordinate system after stretching

Step 8: Calculate metric coefficients. Once we obtain a satisfactory distribution of grid points
in the x—y—z—t co-ordinate system, we are ready to calculate metric coefficients. Metric coefficients
appear in the governing equations when they are transformed from the co-ordinate system of the
‘physical’ domain (x—y-z—t in our example) to the boundary-fitted co-ordinate system (&——{~7).
With the co-ordinate transformation described by equation (1), the metric coefficients which
appear are T, &, My, {os Exs M5 Cx5 50 1y £y &2, 11, and £, These metric coefficients can be calcu-

lated by the following expressions:2: 38
T, =1, (18a)
&x = (Va2 — YezZ)lds &y = —(xpz — x2,)/J, &, = (% — Xy ), (18b)
& = —Ix(ypzp — ¥r20) — Yo(Xy2p — X2,) + 2,(x, ¥ — X ¥0)1/J, (18¢)
Ne = —(yez; — Y;zg)/-], ny = _(xgzg - x;zc)/J, M= —(xy, — x;Yg)/J, (18d)
e = [xz(kzg - .V;zg) - YI(x§ZC - xgzg) + zr(xg)’; - x;)’g)]/-], : (18¢)
b = (Vezg — Va2, by = —(xgzy — xy2)/J, e = (Xe¥y — Xg ¥, (18f)
o= —Dxyezy — ¥a2e) — yilxgzy — x42) + 2i(XeYy — Xy¥)1/J, (18g)

where J is the Jacobian given by

J = Xe(ynzg — Vr2q) = Xg(Vez; — ye2¢) + X(Yezy — Yp2e)- (18h)

The derivative terms x;, X,, X, Ve, Vq» Vi» 22> 24 and z; in equation (18) can be evaluated either
analytically by differentiating equation (10) or numerically by using finite difference formulae.
The correct way to evaluate these derivatives depends upon how the governing equations written
in the boundary-fitted co-ordinate system are cast. This important topic is addressed in
References 47-50. The derivatives x,, y, and z, should be evaluated numerically.

The four-boundary method

The four-boundary method for generating grid points is intended for problems where four
boundaries of a spatial domain need to be mapped correctly. This method?- 38 js an extension of
the two-boundary method and as such consists of the same eight major steps. The eight steps of
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Figure 8. Spatial domain: (a) in x—y-t co-ordinate system; (b) in é~y—t co-ordinate system

this method are described below by generating a single grid inside the 2D, non-deforming spatial
domain shown in Figure 8(a).

Step 1: Define the co-ordinate transformation. For the 2D, non-deforming spatial domain
shown in Figure 8(a) we seek a co-ordinate transformation of the form

(x,y, 1) (&1, 7) (19a)
or, more specifically,
t=t(r), x =x(&n), y=y(n) (19b)
Step 2: Select a time-stretching function. Here t is set equal to T as shown by equation (2).

Step 3: Select four boundaries of the spatial domain. Since the spatial domain of Figure 8(a)
has only four boundaries, all four boundaries are selected. We choose curves 1, 2, 3 and 4 to
correspond to co-ordinate lines # =0,n =1, £ = 0 and £ = 1 respectively (Figure 8), i.e.

Xy =x(&n=0=X,(&), Y, =y(&n=0)=Y,(%), (202)
X, =x(&n=1)= X,(¢), Y, =y(Gn=1)=Y,(c), (20b)
X3 =x(£=0,1) = X;(n), Y; =y(£=0,1) = Y,(n), (20¢)
Xe=x(E=1,n)=X,(n) Yo=y(=1,1) = Yi(n) (20d)

Here X, and Y, are the x- and y-co-ordinates of curve i, i =1, 2, 3, 4.

Step 4: Describe the four boundaries selected in parametric form. Having selected four bound-
aries, we now need to represent these boundaries in parametric form as suggested by equation
(20). Here tension spline*® was used to obtain parametric equations for the four curves in terms of
the parameter ¢ for curves 1 and 2 and in terms of 5 for curves 3 and 4 (see next section).

Step 5: Map the spatial domain. The four-boundary method maps the spatial domain to the
transformed domain in two steps. The first step is essentially the same as Step 5 of the two-
boundary method in which we select two of the four boundaries which do not touch each other
and which have been described parametrically using the same parameter (either £ or n). As in Step
5 of the two-boundary method, curves that connect these two boundaries are specified by using
Hermite transfinite interpolation. When this step is completed, the two boundaries that were
selected will be mapped correctly, but the other two boundaries will in general be mapped
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incorrectly. To remedy this, a second step is performed where the mapping constructed during the
first step is modified so that the other two boundaries will also be mapped correctly.

Here we shall first define curves that connect curves 1 and 2 such that only curves 1 and 2 will
be mapped correctly. Afterwards we will modify the connecting curves so that curves 3 and 4 will
also be mapped correctly. Curves which connect curves 1 and 2 are described by the following
Hermite interpolation expressions:

ax(é’ n= 0)

ox(én=1
! hy(my + & =1

X'(& 1) = X1()hi(n) + X,(E)ho(m) + an ho(m),  (21a)

V(&M = YO + YOk + L= Db + ZEIZ D), iy

where h,, h,, hy and h, are given by equation (11). The values of the partial derivatives in
equation (21) will be given shortly.

Equation (21) maps curves 1 and 2 correctly but not curves 3 and 4. In order to map curves 3
and 4 correctly, equation (21) must be adjusted as shown below:

x(& ) =x"(&n) + Ax(&, 1), y(&n) =y (&n)+ Ay(S, n). (22)
Here

Ax(&,n) = [x(& =0,7) — x'({ = 0,m)Ths(&) + [x(¢ = 1, m) — x'(& = 1, n)]hs(&)

0x({=0,7) x'({=0,n) ox(¢=1,n7 0dx'((=1n)
(23a)
Ay(E,n)=[y(&E=0,1)—y'(E=0,m1hs(&) + &= 1,n)— y(&=1n)]hs()
oy(E=0,n) 0oy(E=0,n) oyl=Ln) oyE=1, 'I))
+( FT: - oz >h7(§)+( FY: oz hg(&),
(23b)
where
ox'(E=0,n) 0x(£=0,7=0) 0x(£=0,n=1)
—66__— = hl(ﬂ)—‘—aé—‘— + hy(n) — &
Px(E=0,1=0) Px(E=0,n=1)
ox'(E=1,n) _ ox(E=1,n=0) ox(E=1,n=1)
—_66—_ = hy(n) —_——(75 + hy(n) — &
?*x(E=1,n=0) ?Px(l=1Ln=1)
+ hal) g T ) (23d)
0y'(§=0,1n) dy(£=0,n=0) Oy(E=0,n=1)
_—6.’,‘—— = hl(ﬂ)——"———aé— + hy(n) ————66
?*y(E=0,n=0) PyE=0n=1)
+ h3(n) a%an + ho(n) a%on , (23¢)
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Wy(E=1n) oy(¢=1,13n=0) y¢=1n=1)
< hi(n )—Tc—+ hz('l)"———aé
*yt=1,n=0) yé=14Ln=1)
+ hs(n) 3%on + hy(n) 5%on , (23f)

hy =283 =382 +1,  he= 283438 B, =8 -2048  hg=0-0L 0 (24

Substitution of equations (23) and (24) in equation (22) yields the desired expressions for x(¢, n)
and y(&, n) which describe the mapping between the ‘physical’ domain and the transformed
domain.

We still need to specify the derivative terms in equations (21) and (23). Similar to the two-
boundary method, the first-order derivative terms are chosen so that the connecting curves will
intersect boundaries orthogonally. This time, however, the spatial domain is two-dimensional so
that we must use the dot product instead of the cross product to specify orthogonality.
Connecting curves will intersect curve 1 orthogonally when the dot product of e; (a vector tangent
to curve 1) and e, (the vector tangent to the connecting curve) is zero. It can be shown that this
will be the case when

ox N 0 oY é 0 é, =0
Gn=0) _ —K, (%) 1()’ y(¢,n=0)
on o¢ on
Following this line of reasoning, expressions for other first-order derivative terms in equations
(21) and (23) are given below:

3X (5)

= K,(&)

(25)

ox(&n=1) _ 0Y,(¢) oy(&n=1) 5X2(‘5)

- —K,(%) e o = K,(§)——;— (26a)
0x(&E=0, aY oy =0, 0X

ox(§=1,7) 6Y4(77) oy(€=1,1) _ 0X4(n)

—aw = K4(n) o Y —Ky(n)— — o (26¢)

Here K, (£) and K,(&) were chosen to be equal to 0-3, while K 3(#) and K,(n) were chosen to be
equal to 0-1. Methods for determining the second-order derivative terms present in equation (23)
are given in Reference 40. In our example these terms were set equal to zero.

Step 6: Discretize the domain. We discretize the domain in the {—n—t co-ordinate system by
replacing the temporal domain with equally incremented time levels and by replacing the spatial
domain with IL x JL equally spaced grid points (Figure 9(b)). The time levels are described by
equation (14). The grid points are located at ({;, n;); &; and #; are given by equation (15). By
substituting equations (21), (23), (24), (25) and (26) in equation (22), we obtain the locations of the
grid points in the x-y-t co-ordinate system (Figure 9(a)).

Step 7. Control the distribution of grid points. In this example we choose not to use stretching
functions to redistribute the grid points within the spatial domain.

Step 8: Calculate metric coefficients. For our 2D, non-deforming spatial domain the metric
coefficients which need to be evaluated are z,, £,, 1., £, and n,. These metric coefficients can be
evaluated by using the following equations:

1: = 19 éx - y"/J’ nx = _y{/‘h cy = - xq/J’ ny = x},‘/"’ J = xqu - qug- (27)
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Figure 9. Grid system: (a) in x—y-t co-ordinate system; (b) in {&~#— co-ordinate system

As before, the partial derivative terms in equation (27) can be evaluated either analytically or
numerically by using finite difference formulae depending upon how the governing equations
written in the boundary-fitted co-ordinate system are cast.

The six-boundary method

The six-boundary method for generating grid points is intended for 3D spatial domains in
which six boundaries of the spatial domain need to be mapped correctly. This method®® 3? is an
extension of the two- and four-boundary methods; thus it consists of the same eight major steps.
We shall illustrate the six-boundary method by generating a grid system within the deforming,
spatial domain shown in Figure 10(a). Of the eight major steps involved, only Steps 3 and 5 will be
described since the other steps are identical to those of the two- and four-boundary methods.

Step 3. Select six boundaries of the spatial domain. Since the spatial domain of Figure 10(a) has
only six boundaries, all six boundaries are selected. We choose surfaces 1, 2, 3, 4, 5 and 6 to
correspond to co-ordinate planes n = 0,1 =1,£=0,¢ =1, =0 and { = 1 respectively, ie.

Xl=X(€,7]=0,C,T)=X1(5,C,T), Y1=y(€’r,=0’C,T)=Yl(g’C,T)y (283)
X2 =X(é,’l= l’Ca T)=X2(§’ C’ T)s Y2=,V(f;'7= 1’ C,T)= YZ(é’ Cs T), (28b)
X3 = X(é = 09 n, Ca T) = Xa('l, Ca T)’ Y3 = y(é = Os n, C’ ‘!') = YS(',’ C’ T)’ (280)

SURFACE 5

SURFACE 2
SURFACE 2 /_
Ir'd | — SURFACE 5
7~
SURFACE 4
pra

SURFACE SURFACE 3 —T1 7 —

g !
[ LSURFACE 1
SURFACE 6

SURFAEE 6 (b}

Figure 10. Spatial domain: {a) x-y—z—t co-ordinate system; (b} in {-#—-{-t co-ordinate system



18 T. I-P. SHIH ET AL.

X4 = X(é =1, 1, C, ‘C) = X4("’ Ca T): Y4 = y(é =1, 1, C’ T) = Y4('7’ Cy T), (28d)
Xs=x(&n{=0,1)=X5(¢n, 1), Ys=y(n{=01)=Ys({n,1) (28¢)
Xe=x(&n=11)= X n,7), Ys=y(n{=11)= Ye({n, 1) (28f)

Here X, and Y; are the x- and y-co-ordinates of surface i, i = 1, 2, 3, 4, 5, 6. The z-co-ordinates of
surfaces 1, 2, 3, 4, 5 and 6 were omitted to shorten presentation.

Step 5: Map the spatial domain. We map the ‘physical’ domain to a transformed domain in
three steps. In the first step, correctly map two of the six boundaries by using the two-boundary
method. In the second step, correct the mapping completed in the first step by ensuring two more
boundaries are mapped correctly (same as Step 5 of the four-boundary method). Finally, in the
third step, correct the mapping completed in the second step by ensuring the remaining two
boundaries are mapped correctly.

Surfaces 1 and 2 will be mapped correctly by the following Hermite interpolation expressions:

x’({, n, C: T) = Xl(&; Ca T)hl('l) + XZ(é’ Ca f)hz(ﬂ)
+ ox(&n=0,{1) ox(&n=1,{1)

G ) + T 2 ), - ()
Y& m8 1) = Yi(6 L0k (n) + Ya(6 8 D)ha(n)
a H = 0’ k4 a b = 1’ >
S nan &9y o+ 28 na" S b, (29b)

Here hy, h,, h, and h, are given by equation (11).
Surfaces 1, 2, 3 and 4 will be mapped correctly by the following equations:

x"(&n )=x"(&n 1)+ Ax'(En, (1), (30a)

YVEnlty=yEnl 1)+ Ay (1), (30b)
where x’ and y’ are given by equation (29) and

Axl(c’ n, C’ T) = [Xs(ﬂ, C9 T) - x’(é = 0’ n, Ci T)]hg(f)
+ [X4('7! (, T) - x'(f = 15 ,1’ Cs T)]h6(€)

=0 s Gy ! =une,
+<ax(¢ OnLo (=0t T)>h7(¢)
=1 s &y ! =4L0,4,
NEIL SR IEELL) WA o1a
Ay,(éa 7, C9 T) = [YS('L C’ T) - y,(é = O’ n, C) T)]hS(é)
+[Ya(n,{7)—y(E=1,n, C7 ©)1he(&)
a =O9 [ 1} a ! =0’ 29
+( (¢ 6€rl L) oy(¢ . m ¢ r))h7(¢)
6 =1, s §s a ! =1, s &y
+( ez kD) € aé"“))hs(é). (31b)

In the above equations, hs, hg, h, and hg are given by equation (24).
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All six surfaces of the spatial domain shown in Figure 10{(a)—namely surfaces 1, 2, 3, 4, 5

and 6-—will be mapped correctly by the following equations:
x(&n, 1) =x"(En, 0 1) + Ax"(E,n, {, 1), (32a)
y&nlty=y"(&En )+ Ay"(En L, 1), (32b)

where x” and y” are given by equation (30) and
Ax”(é’ n, Cr 1'-) = [Xs(éy n, T) - x”(é’ 7’, C = 0’ T)] h9(C)
+ [X6(§, n, T) - X”(é, n, C = 1’ T)]hlo(C)

+ (aX(é, ’7,6§= 0,7) _ ox"(¢&, "‘;g =0, t)>h11(f)
p(EEntoLo_dEni=t Dhiso (338)
Ay"(é’ n, C’ T) = [YS(ﬁa n, t) - y”(fs ’19C = 0: T)l h9(()
+ [Y6(&m,7) =y (G m § =1, 7)]h1o()
= "(&n (=0,
+(ay(¢, n,acé 0,7) "¢ naéc ”)hu(o
N (ay(é‘, n,ai= Lo _ (& nég = 1”))h,z(C), (33b)

he=20°=30%+1,  hyo= 2024303  hy=0-202+(  h,=0-0 (34

Substitution of equations (29)31) in equation (32) yields the desired expressions for
x(& 1, {, 1) and y(&, n, {, 7) which describe the mapping between the ‘physical’ domain and the
transformed domain. We still need to specify the derivative terms in equations (29), (31) and (33).
Similar to the two- and four-boundary methods, the first-order derivative terms are chosen so
that connecting curves will intersect boundaries orthogonally. Here all second-order derivatives
were set equal to zero. Here we note that an expression for z(¢&, , {, ) is also needed and can be
derived in the same manner as x(¢&, 5, {, 7) and y(&, n, {, 7).

Additional remarks

We conclude this section by mentioning three problems which must be dealt with when using
the two-, four and six-boundary methods.

First, slope discontinuities present in the boundaries of spatial domains propagate into the
interior of the grid systems generated by using these methods. These discontinuities in the slopes
of the grid lines are undesirable since they can lead to errors in the solution. To correct for this,
some technique should be used to smooth the grid. One way to smooth a grid system with slope
discontinuity is to apply a Laplacian operator to the region near the discontinuity, as will be
shown later.

Secondly, care must be taken when choosing the ‘K-factors’ and the stretching functions for the
two-, four- and six-boundary methods. Large ‘K-factors’ tend to produce grid lines with more
curvature. Such grid lines often overlap in the spatial domain or can at least form a grid system
which is very skewed. In general, numerical values for the ‘K-factors’ and the stretching functions
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connecting curve c

line tangent to
curve ¢ at point b

boundary curve d

line tangent to boundary d at peint b

Figure 11. Diagram showing how orthogonality of a connecting curve at a boundary does not guarantee orthogonality
after the connecting curve has been replaced by grid points

are arrived at in an iterative manner. A grid is first generated by using one set of inputs for the
‘K-factors’ and the stretching functions. Next, that grid is plotted (GRID2D/3D contains a
graphics programme to plot grid systems that it generates) and inspected visually. On the basis
of that inspection, the inputs are modified accordingly. This process repeats until a satisfactory
grid has been obtained. Since GRID2D/3D is highly efficient, an acceptable grid system can be
generated within a short time.

Thirdly, when connecting curves are discretized to form grid points, the orthogonality which
was forced at the boundaries may be lost. Figure 11 illustrates this point. Between grid points a
and b, curve c is approximated by line segment a-b. The original 90° angle « between boundary d
and curve ¢ has been replaced by angle § between boundary d and line segment a-b. In order for
to approximate o more closely, two things can be done. First, stretching functions can be used to
move point a closer to point b. Secondly, larger ‘K-factors’ can be used to force the orthogonality
further into the domain along curve c. In this way, orthogonality between the grid lines and the
boundary curves can be maintained after the discretization of the spatial domain.

METHODS FOR GENERATING PARAMETRIC REPRESENTATION OF
BOUNDARIES

In the previous section it was shown that in order to use the two-, four- and six-boundary
methods, it is necessary to represent boundaries of the spatial domain in parametric form. These
boundaries are curves for two-dimensional spatial domains and surfaces for three-dimensional
ones.

Parametric representation of curves and surfaces

Curves and surfaces can be described mathematically in several different ways. For example, a
curve in the x—y plane can be represented by y = f(x) or f(x, y) = 0. Alternatively we can describe
the same curve parametrically in terms of a parameter s by x = g(s), y = f[g(s)] = h(s). The
choice of s is rather arbitrary, the only restriction being that s must increase monotonically along
the curve. Here we note that all curves and surfaces can be represented by parametric equations
and that there is no one unique way of representing a curve or surface in parametric form.

In grid generation, information about a curve or surface is given either by an analytical
expression or by a set of co-ordinates which describe the locations of a finite number of discrete
points on the curve or surface. When information about a curve or surface is provided in the form
of an analytical expression such as y = f(x), it is a straightforward matter to generate a set of
parametric equations for the curve or surface. When information about a curve or surface is given
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by a finite number of discrete points, then some type of interpolation schemes must first be used to
approximate the curve or surface by an analytical expression before it can be represented in
parametric form.

In GRID2D/3D, two interpolation schemes can be used to generate curves in 2D and 3D,
namely cubic spline interpolation*? and tension spline interpolation.*> Tension spline inter-
polation should be used whenever the curve to be approximated possesses extreme curvature.
GRID2D/3D approximates 3D surfaces by using a new technique, developed in this study,
referred to as 3D bidirectional Hermite interpolation. Here we only present the 3D bidirectional
Hermite interpolation for generating 3D surfaces.

Three-dimensional bidirectional Hermite interpolation

1t turns out that linear Coons’ interpolation (also known as transfinite bilinear interpolation)
sometimes does not produce satisfactory surface approximations. Also, if a boundary surface is
broken up into two or more subsurfaces with each subsurface generated by transfinite bilinear
interpolation, then that boundary surface will have discontinuous first-order derivatives at all
interfaces where different subsurfaces meet. Here a new technique for generating surfaces, referred
to as 3D bidirectional Hermite interpolation, has been developed which is as efficient as linear
Coons’ surface but does not have its shortcomings.

To illustrate the 3D bidirectional Hermite interpolation, consider the boundary surface
bounded by four twisted curves shown in Figure 12. Information about the four twisted curves
may be given in analytical form, or they may be put into analytical form from co-ordinates of a set
of discrete points located on the curves by using either cubic spline or tension spline interpolation.
In either case we end up with parametric equations describing each of the curves in the following
form:

X; = X(sy), Y; = Yi(s:)s Z;,=Zsy) (35)

where X;, ¥;and Z, describe curve i,i = 1, 2, 3, 4. The parameter s; represents the approximate arc
length along curve i. Recall that for the two-, four- and six-boundary methods, boundary surfaces
in the spatial domain are mapped onto co-ordinate planes in the transformed domain. Here we
map the boundary surface shown in Figure 12 onto the é&-# co-ordinate plane located at { = 0 in
which both ¢ and # varied between zero and unity. Thus s, in equation (35) must be related to
either £ or 5, depending upon i.

T'l’

Figure 12. A boundary surface bounded by four twisted curves in the x—y—z—t co-ordinate system along with definitions
of vectors tangent and orthogonal to curve 1
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By using the four-boundary method with Hermite interpolants, we obtain
x(&m {=0)=x1,(£n{=0)+ Ax(& n,{ =0),

YEn{=0)=y,(En{=0+Ayn(=0),

2(&n {=0)=21,(&n,{=0)+ Az(¢,n, { = 0),
where
x12(& 1§ =0y = X, (E)hy(n) + X2(E)hy(n)

L xEn=0{=0
on

ox(&n=1,{=0)

Y12(& 1, § = 0) = Y, (E)hy(n) + Y;(O)h;(n)

+0y(§,r1 =0,{=0)
on

oy(&n=1{=0
) + 1= RE= D),

212(& 1, { = 0) = Z,(E)hy(n) + Z;5(E) hy(m)

a ’ =0, =0 a W MNM=10(=
(HENZ0020, ) e =LE=0,

AX(é, n, C = 0) = [X(é = Os "ac = 0) - x’lz(f = 0’ n, C = 0)]"5(6)
+[x(E=1,1{=0)—x1,(=1,1{=0)]hs(¢)
+ (5"(5 =0,n{=0 0x1,({=0,n{= 0))h7(€)

3 5%
A (ax@ =1L,n,{=0) xj((=1n{=0)
3¢ FE
AY(E ML =0) = [M(E=0,m,{ = 0) = yi5(£ = 0,n,{ = 0)]hs(¢)
+ Y& = 1,10 =0) = yiy(E = 1,0, { = 0)]he(8)
.\ (ay(é =0,n{=0 &u(=0n(= 0)),,7(6)

)hﬁ(c)s

ot o¢

Az(&n, {=0)=[2( =0,n,{=0) — 21,({ = 0,n,{ = 0)]hs(¢)
+[2(E=1,n{=0)—2,(E = 1,1, = 0)]hs(¢)
+ (62({ = 0’ 1, C = 0) _ az’lZ(é = 0! 1, C = 0))h7(§)

o¢ o¢

0z(¢=1, n.{=0) 0dz,(¢{=1, n,{=0)

h3(n) + on hy(n),

(36a)
(36b)

(36¢)

(36d)

(36¢)

(36f)

(36g)

(36h)

(36i)
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0x1,(§ = 0,7, =0) 0x(§=0,n=0,{=0) 0x({=0n=1{=0)

B¢ = hy(n) FY: + hy(n) Py
62 = 0’ = 0; =0 2 =Uun=4L6=
hop THEZON =020y () PE201=1E20)
(363)
ax'12(5=1,'l,c=0)_ BX(£=1,11=0,C=0) 5x(§=1,'7=1,5=0)
5 = hy(n) o + hy(n) P
62 = 1, =0,( = 2 =1l,np=1(=
+hyn) XEELEOLZD g TS (=9
(36k)
62 =0, =0, =0 2 =0V, =1, =
ey 20120420, nn2HE=01=1E=0)
(36
y(l=1,n{=0 _ Wy(&=1,1=0,{=0) y(l=1,n=1{=0)
FF = hy(n) o + hy(n) 5
PyE=1,n=0,({=0 PyE=1L,n=1¢=
(o THETLA=0L0 ) Pzl =0
(36m)
021,({=0,n,{=0) 0z2(E=0,n=0,{=0) 0z({=0,n=1,{=0)
5 = hy(n) 5 + hy(n) 5
2 —_ _ _ 2 — — —
4 h3(’1)6 z(¢& = Oéga; 0,{=0 + h‘(n)a z(¢ = Oéga; 1,{= O)’
(36n)
0z1,(E=1,n({=0) 0z({=1,n=0,{=0) 0z(¢=1,n=10=0)
FF = hy (1) Y + hy(n) 3
2 =1,1=0,{=0 0? =1Ln=1(=0
+ hy(n) z(¢ 6;16” ¢ )Jr he(n) 2(¢ 62@7] {=0)
(360)

In the above equations, h,, h,, hy and h, are given by equation (11) and hs, he, h, and hg are given
by equation (24). The method for evaluating the partial derivative terms appearing on the right-
hand sides of equation (36) is described below.

The first-order partial derivative terms in equation (36) determine the shape of the surface
shown in Figure 12 bounded by the four twisted curves given by equation (35). These derivative
terms also determine whether grid lines on that surface will intersect the four twisted curves
orthogonally or not. Since the only information we have about the surface shown in Figure 12 is
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the four twisted curves, these curves are used to derive expressions for the first-order derivative
terms in equation (36).

We shall illustrate how first-order derivative terms in equation (36) are calculated by deriving
expressions for dx(&,n =0, = 0)/on, dy(&,n =0,{ =0)/on and dz({, n =0, = 0)/0n. These
three derivative terms are evaluated along curve 1 in which n = 0, { = 0 and £ varies between zero
and unity. The method for deriving first-order derivative terms along the other three twisted
curves (i.e. curves 2, 3 and 4 in Figure 12) will be similar to the procedure described below.

Expressions for the first-order partial derivative terms along curve 1 are derived in five steps:
(1) determine a vector which is perpendicular to the plane formed by the vectors tangent to curves
1 and 3 at one end of curve 1; (2) determine a vector which is perpendicular to the plane formed by
the vectors tangent to curves 1 and 4 at the other end of curve 1; (3) linearly interpolate between
the two vectors determined in Steps 1 and 2 and denote this vector function as N, ; (4) determine
a vector function that is parallel to the cross product of N, and a vector function tangent to curve
1 (the vector function thus determined is assumed to be tangent to the surface that we wish to
approximate along curve 1); (5) determine first-order partial derivative terms along curve 1 by
forcing the vector function formed by the first-order derivatives to be parallel to the vector
function determined in Step 4. The details of these five steps are described below.

Step 1: Determine normal vector at one end of curve 1. The vectors tangent to curves 1 and 3 at
¢ =0 and n = 0 are given by

0X,(£=0), Y, (§=0) ., 0Z,({=0)
o I+ o J+ o

0X5(n=0) 0Y5(n=0) 0Z4(n =0)
T,y =—
31 on I+ on J+ on K,

Tes = K, (37a)

(37b)

where I, J and K are unit vectors pointing in the x-, y- and z-directions respectively.
The vector perpendicular to the plane formed by the above two vectors is given by

Ni3=Tes x Ty3y
_ (5)’1(6 =0)0Z5(n=0) 0Z,({=0)0Y;(({=0) I
Pl n o¢ on
_ <5X1(§ =0)0Z3(n=0) 0Z,(£=0)0X;(n=0) 3
0& on o¢ an
+ <3X1(€ =0)0Y;(n=0) 09Y,({=0)0X;({=0) K
) on & an '

(38)

Step 2: Determine normal vector at other end of curve 1. The vectors tangent to curves 1 and 4
at ¢ =1 and n = 0 are given by

T¢14=6X1(§: 1)1+6Y‘(;€= 1)J+azi(.,f¢= Vg, (39a)
T,., = 0X,4(n=0) I+ 0Y,(n =0) ¥+ 0Z,(n=0) K. (39b)

on on on
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The vector perpendicular to the plane formed by the above two vectors is given by
Nyy=Tsra X Thay
_ <3Y1(€ =1)0Z4(n=0) 0Z,({=1)0Y,(¢{= 0))1

PR on PR on
_ (X1 =1)0Z,(n=0) 0Z,({=1)0Xs(n=0))
PR on ot on
0X,({=1)3Y,(n=0) 3Y,({=1)0X({=0)
+( PR T o o )K. (40)

Step 3: Linearly interpolate between two normal vectors. In this step we linearly interpolate
between the two normal vectors obtained in Steps 1 and 2 to produce the following vector
function:

Ng =(1 = §)Ny; + ENy,, 41)
where N,, and N, , are given by equations (38) and (40).

Step 4: Determine a vector function tangent to the surface. Since there are an infinite number of
surfaces that can pass through any given curve, a strategy must be developed to determine which
surface is to approximate the surface shown in Figure 12. Here the surface selected is the one that
will pass through curve 1 as well as curves 3 and 4. Thus the vector function tangent to the surface
at curve 1 can be approximated by

E,, =Ty x Ny, 42)
where N, is given by equation (41) and Ty, is a vector function tangent to curve 1 given by
0X,(§), , 9Y,(§) . . 0Z, (&)
T = I K. 43

Step 5: Determine expressions for first-order derivatives. Now that we know along which
surface partial derivatives with respect to 5 at curve 1 can be made, we can derive expressions
for the first-order partial derivative terms 0x(&, n =0,{ = 0)/on, dy(£,n=0,{ = 0)/0n and
0z(&€,n = 0, = 0)/dn that appear in equation (36). Since we desire grid lines on the surface to be
perpendicular to the boundary curve (curve 1 in this case), the vector function tangent to the #-
direction, T, , must be parallel to the vector function E,; derived in Step 4. This can be expressed
mathematically as

Tﬂl X El'l = 0, (44a)

where
= 'y = N = y 3 ) - 'y — 0
_ox(Gn=0.0=0) ayEn=0(=0, (4n=0(=0),
on on on
The desired expressions for the first-order partial derivative terms are obtained from equation
(44) in a manner very similar to the derivation of equation (12). Again, the ‘K-factors’ which

appear in equation (12) can also be used here to ensure that grid lines do not overlap each other
and to create a smoother surface.

T

ni

(44b)
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GENERATION OF SINGLE AND COMPOSITE GRIDS

In the previous sections the details of the algebraic grid generation methods used in GRID2D/3D
have been described. In this section we demonstrate the usefulness of GRID2D/3D by using it to
generate a number of single and composite grids within complex-shaped 2D and 3D spatial
domains. Recall that a single grid is a grid system based on one boundary-fitted co-ordinate
system and a composite grid is a grid system made up of two or more single grids patched
together.

Single grids

While illustrating the two-, four- and six-boundary methods, several single grids were gener-
ated (Figures 6, 7 and 9). In this subsection we present a brief discussion on how to smooth
discontinuities in grid systems that arise from boundary discontinuities.

Figure 13(a) shows a 2D single grid around a sharp bend generated by using the two-boundary
method. This figure illustrates how boundary discontinuities can propagate into the interior of
the grid. The slope discontinuity of the 5-grid lines along i = I, can be eliminated by applying the
following equations:

Vil =yl+a(yie; =2y + v (45a)
x;',;l =X+ o(X{eq,;— 2X7 5+ X[y ) (45b)
where « is a constant (< 0:5),i=1, —m,...,I,...,I; + m(m can be zero or some positive

integer constant) and j =2, 3,...,JL — 1. In order to smooth the grid shown in Figure 13(a),
equation (45) needs to be applied a number of times, i.e.n = 0,1,2,3, . . . with n = 0 being the grid
shown in Figure 13(a), n = 1 being the first correction, n = 2 being the second correction and so
on. By using equation (45) repeatedly, the grid shown in Figure 13(a) was smoothed as shown in
Figure 13(b).

Composite grids

GRID2D/3D can generate composite grids which are completely discontinuous, partially
discontinuous and partially continuous (Figure 2). For completely or partially discontinuous
composite grids such as those shown in Figures 2(a) and 2(b), each single grid within the
composite grid can be different from any other in structure and in the number of grid points. Thus
each single grid within such composite grids can be generated independently of the other single
grids in the manner described in the section ‘Two-, four- and six-boundary methods’. How the
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Figure 13. Spatial domain with a boundary discontinuity: (a) grid system generated by the two-boundary method; (b) grid
system after smoothing
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different single grids of such composite grids are patched together once they are generated is
described in the section “Types of grid systems’. Since discontinuous composite grids can be
generated rather easily and patching is trivial, no further discussions concerning them will be
given.

For partially continuous composite (PCC) grids, each single grid within them must satisfy a
number of compatibility conditions so that when the different single grids are patched together
the resultant composite grid will have some degree of continuity (see section ‘Types of grid
systems’). PCC grids such as the one shown in Figure 2(d) are often difficult to generate. However,
when it is possible to generate them, they are the easiest to use with FD and FV methods to
obtain solutions to partial differential equations. Below we discuss how PCC grids can be
generated.

Partially continuous composite grids

PCC grids are generated by GRID2D/3D in two major steps. The first step involves parti-
tioning the spatial domain into zones. The second step involves constructing grid systems that
will be continuous from one zone to another. These two steps are described in detail below.

Partitioning. The first step in constructing a PCC grid is to partition the spatial domain of
interest into a finite number of contiguous zones. The partitioning process involves answering
three interrelated questions: (1) How should the spatial domain be partitioned into zones?
(2) Based on that partition, what grid structure is to be used within each zone (e.g. C-C, C-H,
O-H, .. .)? (3) Based on that partition and grid structure selections, how should the different
zones be mapped to the transformed domain so that the resultant composite grid will have some
degree of continuity? The answers to these questions depend on the geometry of the spatial
domain and the physics of the problem for which the grid is being generated. For any given
problem, several different choices are usually possible. However, for simplicity, the choice
containing the least number of zones is often the most desirable.

An example illustrating one strategy for partitioning is shown in Figure 3(a). The boundaries of
that spatial domain contain a backward-facing step, a flat wall and a wedge-shaped obstacle. The
fluid is flowing from left to right. In Figure 3 the spatial domain is partitioned by using free
streamline theory. More specifically, a new zone is set up wherever separation is expected (e.g. at
the backward step and at the rear of the wedge-shaped obstacle) or where a flow will separate into
two streams (e.g. at the nose of the wedge-shaped obstacle). The structure of the grid within each
zone in Figure 3(a) was chosen to be H-type. This structure aligns the main flow direction with the
grid lines, which is important because it reduces dissipation error and permits the use of the thin
layer Navier-Stokes equations. Also, this structure allows grid lines to be clustered near solid wall
boundaries readily as well as allowing continuity of grid lines and their derivatives from one zone
to another. Figure 3(b) shows how the different zones in Figure 3(a), each of which will have a
different boundary-fitted co-ordinate system, are mapped onto the same transformed domain.

As a second example, consider the 2D inlet of an aircraft engine shown in Figure 14(a). This
geometry would be awkward to handle with a single grid owing to the separation of the internal
flow from the external flow by the cowl. Figures 14(a) and (14b) show a partitioning of this spatial
domain into two zones and the transformed domain to which it is mapped. Other configurations
involving more than two zones are certainly possible, but more complicated configurations are
unnecessary unless the physics of the flow dictates their use.

Grid generation with patching. Once we have partitioned the spatial domain of interest into
zones, we are ready to generate a grid for each zone. For partially continuous composite (PCC)
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Figure 14. Inlet of a turbojet engine; (a) partitioning in the x—-y—t co-ordinate system; (b) partitioning in the é-y—
co-ordinate system

grids, the grid generated for each zone must be such that when they are patched together the
resultant composite grid has some degree of continuity. It turns out that this requirement
necessitates a few minor modifications in the two-, four- and six-boundary methods presented
earlier. In this section these modifications are described in the framework of the two-boundary
method by applying it to generate a PCC grid in the 2D inlet of the aircraft engine shown in
Figure 14(a).

Step 1: Define the co-ordinate transformation. We seek a co-ordinate transformation of the
form given by equation (19).

Step 2: Select a time-stretching function. 1 is set equal to ¢ according to equation (2).

Step 3: Select two boundaries of each zone. We choose curves 1 and 2 for zone 1 and curves 5
and 6 for zone 2 (Figure 14). For each zone we map these two curves to co-ordinate lines 1 = #,,,,
and 1 = fy;, respectively. Here 954, fpign> Elow aNd &yiop are defined as the co-ordinate lines in the
transformed domain which correspond to the boundaries of a zone. Thus for zone 1 we have

Xy =x(& 1= tew) = X,(£), Y, =y(&n=mow) = Y1(&), (46a)
X, =x(&n= ’hxi‘g'h) = X, (%), Y,=y(n= ﬂhigh) = Y,(¢), (46b)

where 1., = 0, 0, = 0-5 and X; and Y; are the x- and y-co-ordinates of curve i. For zone 2 we
have

X5 =x(& 1= Mow) = X5(), Ys = y(&n = mow) = Ys(£), (47a)
Xe=x(&n = ’1high) = X¢(&), Ye=y(n= ’1high) = Ys(8), (47b)

where 7, = 0'5, f1y,,;n = 1 and X; and Y, are the x- and y-co-ordinates of curve i. The other two
curves in each zone (curves 3 and 4 in zone 1 and curves 7 and 8 in zone 2) are mapped to co-
ordinate lines ¢ = &, and & = &, in the transformed domain. For our example, ¢, = 0 and
Enign = 1 for both zones 1 and 2.

Step 4: Describe the two boundaries of each zone in parametric form. We now need to represent
the four curves selected in Step 3 (two for each zone) in parametric form. Here tension spline
interpolation*? is used.

Step 5: Define curves that connect the two boundaries in each zone. x(&,n) and y(£, 3) in each
zone can be defined by performing two mappings. The first mapping is from (x, y) to (&, #') with
the boundaries of both £’ and 5’ between zero and unity. The second mapping is from (&, ) to
(¢, n) with the boundaries of ¢ between ¢ = &, and & = &, and the boundaries of 7 between
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Figure 15. Grid system in the x—y—t co-ordinate system after stretching

N = Niow and 7 = . The first mapping can be accomplished by using the equations derived in
the section ‘Two-, four- and six-boundary methods’ with ¢ and # replaced by &’ and »’. The second

mapplng is given by : = clow + él(chigh - élow) and N = Now + n,(ﬂhigh - nlow)'

Step 6: Discretize the domain. We discretize the domain in the {7 co-ordinate system by
replacing the temporal domain with equally incremented time levels and by replacing each zone
of the spatial domain with equally spaced grid points (see equations (14) and (15)).

Step 7: Control the distribution of grid points in each zone. For high-speed flows through the
inlet we expect large velocity gradients next to all solid surfaces. Thus grid points need to be
clustered near solid surfaces. With this in mind we use stretching functions to cluster grid points
near curves 1 and 2 for zone 1 and near curve 5 for zone 2. The new distribution of grid points is
shown in Figure 15,

Here we make a few comments about the continuity of grid lines and grid spacings across zonal
interfaces. In the above example, grid lines remained continuous along the portion of the zonal
interface which does not represent a ‘physical’ boundary. This is a desirable situation since it
simplifies the numerical algorithm which will be used to investigate the flow in the spatial domain.
Proper alignment of grid lines at the zonal interface in this case is made possible by using an
appropriate stretching function in each zone. Thus one should exercise care when constructing a
grid to ensure that grid lines remain continuous across the sections of the zonal interfaces which
touch each other in the spatial domain. For our example we also note that the grid spacing in the
n-direction must not change too abruptly across the zonal interface. The grid spacing in the #-
direction is defined as the distance between adjacent grid points along a grid line of constant &. As
with grid alignment, proper grid spacing at the zonal interface depends upon using an appropri-
ate stretching function in each zone.

Step 8: Calculate metric coefficients. For the spatial domain shown in Figure 14, the five
metric coefficients which need to be evaluated are 7,, £,, 1,, £, and 5,. These metric coefficients
can be determined by using equation (27). We note that one-sided differencing should be used
when calculating partial derivative terms at grid poinfs which lie along portions of the zonal
interface which do not touch in the spatial domain. Central differencing can be used at the other
grid point locations along the zonal interface.
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